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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which expression is equal to fl “o
ich ex ion is equ :
P a 0 x2+42x+2
A s
R
B _ i
' 4
C. —Z +tan"12
D —tan"!2
2 If Arg(—V3 + ai) = — 56", find the value of the real number a
a=-1
B a=1
c a= 0.5
D a = _0.5
3 The negation of the statement “vm € Z, 3n > m such that n = m? " is one of the following:
A. 3meZsuchthatn =m? vn=>m
B. VmeZsuchthatn #m? vn=>m
C. 3ImeZsuchthatn # m? vn>m
D. VmeEZsuchthatn # m?, In>m



Consider a vector equation of a line in parametric form
r(t) = costi + sintj + (1 — sin(t))k

Which one of the following statements is True?

The curve looks like x2 + y2 = 1 in the xy —plane.
B.  The curve looks like z =1 — y in the yz —plane.

c. Thecurve looks like x?+ (z—1)? = 1 in the xz —plane.

ALL of the above.

If P, Q, R represent the complex numbersp =1+ i,q = 2 + 6i,r = —1 + 7i respectively. Find
the complex number s, represented by a point on an Argand diagram so that these four points form
the vertices of parallelogram PSQR.

A s=12i

B. s=-242i

C. s=4

D. Not enough information.

Consider the expression S, = 1 + z + z2 ... ..... +2z™, where z is any complex number of modulus

1. S, isalso written as one of the following expressions:

A S _eing—l
nToeib_q
B. S e84
nT eifq
i(n-1)0_
c. ¢ =°¢__"1
n e -1
i(n+1)6 _
D. ¢ =& "1
n elf—1



Consider a line represented by the vector equation r = (i — 2j) + u(3i + 2j + K) and the sphere

Which one of the following statements is true?

The line touches the sphere
The line intersects the sphere at two points

There is no point of intersection

o0 @ »

Not enough information

The diagram below shows two objects with masses m, kg and m, kg, where m; < m,, on either
end of a light inextensible string that passes through a smooth pulley.

m

o

B
\_/
()
[72]

The acceleration of the heavier particle is given by one of the following expressions:

A a=(R)g
8. a=(1)g
c. a=(")g
D. a=(")g



10

A variable force of F newtons acts on a 3 kg mass so that it moves in a straight line. At time t
seconds, t > 0, its velocity v metres per second and position x metres from the origin are given by
v = 3 — x2. It follows that

A. = —2x

B. = —6x

C. F=6x3—18x
D. F =9x—3x3

A parametric vector equation is represented by

1
t+?

r(t) = 1
t2 + 2

Which of the following statement is correct?

The cartesian equation of the given vector equationisy = x2 — 2,¢t < 0.
The cartesian equation of the given vector equationisy = 2x2 —1,t > 0

The cartesian equation of the given vector equationis y = x%2 — 2,t > 0.

o o w >

The cartesian equation of the given vector equation is y = 2x2 — 1,t < 0.

End of Section |



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a separate Writing Booklet for Question 11.

(@) Letn € Z. Use the contrapositive to prove that if n3 is even, then n is even.

(®) " Find a complex number z = x + iy such that Im(Z) + 2z = 111- :

()  Evaluate [#(2x + 1) cos x dx.

d) Let ¢ = 3i+ 2j+mkand b = 4i —j+ m?Kk, where m is a real constant. It is given that

the scalar projection of g in the direction of b is \;‘;3

Show that the value of m is 4.

€) i.  Prove that a particle moving according to the equation |v| = V—9x2 + 12x + 32 is
undergoing simple harmonic motion.

ii.  Find the period and amplitude of the motion.
iii.  Also, find the two positions of the particle when it is moving at half of its maximum

speed.

End of Question 11



Question 12 (15 marks) Use a separate Writing Booklet for Question 12.

2 dx
1 V3+2x—x2

(@  Evaluate

A line in the complex plane is given by |z — 1| = |z + 2 - 3i|, z € C.
(b) i.  Show that the cartesian equation of the line is given by y = x + 2.

ii.  Sketchtheline |z — 1| = |z + 2 — 3i| and the circle |z — 1| = 3 on the same
Argand plane, labelling all the essential features including the points of intersection.

(c)  Assume that for any integers a, b and c, if a|c, b|c and a and b are co-prime, then (ab)|c.
(DO NOT Prove)
Given that n is a positive integer.
i.  Show that n(n — 1)(n + 1) is always divisible by 6.

ii.  Showthat n(n — 1)(n + 1) is divisible by 30 unless n is of the form n = 5m + 2 for
some integer m.

(d) Itisgiventhat sing +sing = 2cos(=2)sin(22) (DO NOT Prove if)

i.  Hence or otherwise, show that cos 8 + cos ¢ = 2 cos (e—qu) cos (BJ'T"’).

ii. Hence, deduce that e + ¢ = 2 cos (e_qu) e20+9),

End of Question 12



Question 13 (16 marks) Use a separate Writing Booklet for Question 13.

(@) Find the point of intersection between the two lines: 3
r=>0+2Kk)+ai—j+Kk)
s=(=-2i+2j+Kk)+B(-3i+2j—k)

where a and £ are any real numbers.

(b) i.  Show that tan (g + 9) = —cotf 1
ii.  Use mathematical induction to prove that tan ((Zn“)") = (-)"vnez* 3
(0]
(c) Defineforn=>0,I, = [~ x" e ¥dx.

You may assume that for all real n > 0, lim x"e™™ = 0.

X—00 2
I.  Show that I,,, = nl,

ii. DeducethatI,,; =n! 2
iii. LetT, = fol(ln x)™dx. Prove that I’;“ = (- 5

(d)  Ataut rope of length 1.25 m suspends a mass of 10 kg from a fixed point 0. A horizontal
force of P newtons displaces the mass by 1 m horizontally so that the taut rope is then at an
angle of @ to the vertical.

O

1
1
1
I
I
I
I
I
1
I
I
1
I
I
1
I
I
I
I
I
3

3 E— P p

kg mass

Find the magnitude of the tension force in the rope in Newtons. (g = 10m/s?)

End of Question 13

—8—



Question 14 (15 marks) Use a separate Writing Booklet for Question 14.

(@  Simplify the following expression, leaving the answer in Euler form.
(cos30 + i sin360)%(cos O — isinB)*
(cos260 — i sin26)73

(b)  Onthe curve y = e*, P and Q are two points with x —coordiantes a and b respectively, a >

b.
I.  Provethat y = e* is concave up for all x.

1

ii.  Explain why > (e® + e?) > ez,

a+b+c+d

iii. Henceshowthate® +e? +e+e?>4e 2  ifa>b>c>d.

(c) Itisgiventhat cos66 = 32 cos®d — 48 cos* 6 + 18 cos? O — 1.

i.  Find all the roots of the polynomial 32x® — 48x* + 18x> — 1 =0

.. T 51 1
ii.  Show that cos—cos— = -
12 12 4
27 4 cos2 ST =
iii.  Show that cos " + cos Vi
) ) T st V6
iv.  Hence or otherwise, show that cos ’E + cos e = -

End of Question 14



Question 15 (16 marks) Use a separate Writing Booklet for Question 15.

(@  Using the identity foaf(x)dx = foaf(a — x)dx,

T X sinx dx
evaluate f —_—
0 1+ cos?x

(b) If g =2i—j+3kand b =—mi+j+ 2k, where mis a real constant. Calculate the value(s)
of m so that the vector g — b is perpendicular to b.

i.  Prove that /3 is an irrational number.

(©)

ii.  Consider the recurrence relation T, = 2, T,, = \/1+ T,_, forn > 2.
Using the mathematical induction, prove that T;, is an irrational number for all n > 2.

(d) A car is initially at rest at a point A which is 1 km to the right of Woolworths in Seven Hills
Plaza. The car then starts moving in a straight line towards Woolworths.

For x # 0, the acceleration of the particle is given by —xiz, where x is the distance (in
kilometres) from the shop and k is a positive constant.

2k(1—x)

] d
i. Prove that Z-_
dt X

Use the substitution x = cos? 8, show that the time taken to reach a distance D
kilometres from Woolworths is given by

2 cos_lx/ﬁ
t = \/:f cos’ 8 do
k 0

iii. Show that t = \/; (\/D — D2 4 cos7! \/5)

End of Question 15



Question 16 (13 marks) Use a separate Writing Booklet for Question 16.

(@) The tide at a harbour can be modelled using simple harmonic motion. At the harbour, high
tide is 12 metres and low tide is at 2 metres. It takes 4 hours to go from low tide to high tide.
Initially at 2 am, it is at low tide. Let t be measured in hours since 2 am.

i. Showthatx =7 —5 cos (%ﬂ)

ii. A ship needs at least 5 metres of depth of water to safely enter the harbour. Find the
earliest time that the ship may enter the harbour.

(b) i.  Find the real numbers a, b and c such that

5 — 5x2 _a +bx+c
(1+2x)(1+x%) 1+2x 1+4+x2

N 1 5-5x2 1 27
ii.  Show that | T 20D dx = E(T[ + In (E))

cos2x dx
142 sin 2X+cos 2Xx

T
iii.  Hence, evaluate f04 using the substitution t = tan x.

End of Question 16

END OF PAPER



Year 12 Maths Ext.2 Trial 2024 Solution and Feedback
Multiple-choice answers

1.C 2.A

3.C
6.D 7.B 8. B

o

.D 5.C
C 10.C

Question 11 (15 marks) Use a separate Writing Booklet for Question 11.

(a) Let n € Z.Use the contrapositive to prove that if n3 is even, then n is even. 2

Contrapositive: If n is odd, then n3 is odd. 1 wark
Letn=2k+1,k€Z
Thenn3 = (2k + 1)3

= 8k3 +3(2k)? + 3(2k) + 1

= 2(4k3 + 6k? + 3k) + 1

= 2P + 1, where P = 4k® + 6k? + 3,k € Z 1 mark

= By contrapositive, if n3 is even, then n is even. Must+ state the last
sewtewce or pevalised.
. . _ 1
(b) Find a complex number z = x + iy such that Im(2) + 2z = 1 2
Letz = x + iy, where x,y € R. . .
Then Z = x — iy, Im(2) = —y. Imgx - l)% + —ly
1 1—i Im(x —iy) #y

— 2 y) = X

y Iy =Xy

, 1—i

—y+2x 2y =— 1 wmark

Equating the real and imaginary parts,

2x—y=1 [1]

12
23/:—5 [2]
2 x [1] + [2], 4x=%
1
“=3
1 1
From [1], 17 Y=3
1
y=3
-Zzé—%i 1 mark



Year 12 Maths Ext.2 Trial 2024 Solution and Feedback
Question 11 (Continues)

4

(c) Evaluate f (2x + 1) cos x dx. 2
0

u=2x+1, v’ = cosx

u' =2, v =sinx

V3
4 t 4
2x+ 1) cosxdx =[(2x + 1) sinx]* — | 2sinxdx (by parts) 1 wmark
0
0 0

T

T i T
— N — — o 4
<(2 + 1) sin — sin O) + 2[cos x],

T T
= (— )? [COS— — cos 0] Careless error:
cos0#0
T 1 2 5
AR
+6
e, 1 wark
2v/2
(d) Let g@ = 3i+ 2j + mkand b = 4i — j + m?K, where m is a real constant. It is given that 3
the scalar projection of g in the direction of b is :
pro) : NG TR
Show that the value of m is 4.
. a-b.
projya = Wb
a-b

scalar projection = W

74 3x4+2x(=1) +mxm? ’
V273 V42 + (=1)? + (m?)? 1 mar

74 10 +m3
V273 V17 +m*
Equating the numerators and denominators,
74=10+m3, 273 =17 + m*
m3 = 64 256 = m* 2 Vy\arks

=4 m=4
.m=4
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Question 11 (Continues)

(e) (i) Prove that a particle moving according to the equation |v| = \/—9x2 + 12x + 32 is 2
undergoing simple harmonic motion.

lv] = /—9x2 + 12x + 32 Those who used v? = n?(a? — (x — ¢)?)

Squaring both sides, for (i) and (ii), must derive i+. Or pevalised.

2 _ 2
ve= —9x° +12x + 32 v? = —9x2 +12x + 32

4 32
55:1(1%) =—9<x2——x——>
dx \2 i 44 32
d 9 =-9(x*—cx+-—-——
=—(——x2+6x+16> 1 wmark 3 9 9 9
dx\ 2 212
=-9x+6 =9<4—<x——>>
2 3
X=-9(x — §)
~. Since # o« x, the motion is undergoing simple harmonic motion. 1 Wark
(i1) Find the period and amplitude of the motion. 2
2
n? =9, centre x = 3 substitute v = 0 for the range,
n =3 (sincen > 0) —9x%24+12x+32=0
. 21 124122 - 4(-9)(32)
T = 2(=9)
2 —12 + 36
== mark ="
3 *= T 18
48
¥= 7303
: litude = -
~ amplitude = 7 — 2
=2 1 wmark
(ii1) Also, find the two positions of the particle when it is moving at half of its maximum speed. 2
2

Speed is maximum at the centre of the motion x = 3

2\? 2
|U| = [—9 (g) + 12 (g) + 32
=6
~ Maximum speed = 6

Substitute v = 3,
32 = —9x% + 12x + 32 1 mark
9x2 —12x — 23 =0
12 + /122 — 4(9)(-23)
a 2(9)
12 £972
B 18
12 + 18V3

18

:2+3\/§and2—3x/§ 1 mark

3 3
End of Question 11

X

S X
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Question 12 (15 marks) Use a separate Writing Booklet for Question 12.

(a) Evaluate f 3
V3 +2x — x?

1
L\/3+2x—x2 f1\/4_(1_2x+x2) ¥ «——— Show this step.
2

= d
f1 V2% —(x—1)? g
x —17°

= [sin‘1 5 ]1 1 wark

1 mark

1 ) ;
= sin~! 5 sin“10 < WMust show the substitution.

1 wmark

ol

(b) Aline in the complex plane is given by |z — 1| = |z + 2 — 3i|,z € C.

(i) Show that the cartesian equation of the line is given by y = x + 2. 2
Letz=x+1iy .

. . . A ATIVE!
lx +iy—1| =[x+ iy + 2 — 3i] .H'Grvlm'lV@ )
1c— 1) + iy = [(x + 2) + i(y = 3)] Find the perpendicular
(x—1D%2+y2=(x+2)%+ (y —3)? 1 wmark bisector of the segment
x2—2x+1+y*=x2+4x+4+y2—-6y+9 Joiiivg (=2, 3) and (1, 0).
—2x+1=4x—-6y+ 13
6y = 6x + 12 1 mark
Ly=x+2
(ii) Sketch the line |z — 1| = |z + 2 — 3i| and the circle |z — 1| = 3 on the same 2

Argand plane, labelling all the essential features including the points of intersection.
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Question 12 (Continues)

(c) Assume that for any integers a, b and ¢, if a|c, b|c and a and b are co-prime, then (ab)|c.
(DO NOT Prove)

Given that n is a positive integer. Poor explanation.

(i) Show that n(n — 1)(n + 1) is always divisible by 6. 2
Altervative

n(n — 1)(n + 1) is divisible by 6 if it is divisible by 2 and 3. Consider:

For any three consecutive numbers, starting with an n+1ei (n+ D!

odd number or an even number, there is always at A mark =3 3 (n = 2)!

least one even number and one multiple of 3. 1 (n+ Dn(n—-1)(n - 2)!

g’ = —

Thus n(n — 1)(n + 1) is divisible by 2 and 3. 6(n —2)!
nt1chi = (n+Dn(n-1)

~n(n—1)(n+ 1) is also divisible by 6 1 mark L3 T 6

since LCM(2, 3) = 6. Since "%iCy’ is an integer,

(n+ Dn(n — 1) is divisible by 6.

(i) Show that n(n — 1)(n + 1) is divisible by 30 unless n is of the form n = 5m + 2 for 3
some integer m.

/ Mus+ state this.

n(n — 1)(n + 1) is divisible by 30 if it is divisible by 5 and 6.
Cawot be proven by

n(n — 1)(n + 1) is divisible by 6. (from (i)) contrapositive. The

statement 1s ot av

implication. You are +o show

ITfl? = S(m i11)’( n :_—rll) = 57?5 J5m) whether n(n — 1)(n+ 1) is
ennn — n =nom m R
= 5(5m2n) which is divisible by 5. divisible by 30 or vot.

Now show that if it is divisible by 5:

~n(n—1)(n+1)isdivisible by 5 ifn = 5m + 1. [1] when n(n — 1)(n + 1) is

Ifn=5m+4, not divisible by 30 WI/\@M
=5m+5—1lorS5m—-5+1 n=5m+ 2, there is vo
=5(m+1)—1or5m-1)+1 guarantee that it will be
=>5P—1or5Q+1  whereP,Q€Z divisible by all other

~n(n—1)(n+ 1) isdivisible by 5 if n = 5m + 4. (from [1]) positive iuteger n.

Ifn=5m+ 2,
nn—1)(n+1) = (5m+ 2)(5m + 1)(5m + 3) which is not divisible by 5. Commou error:
Ifn=5m-2, Showw that
nn—1)m+1) = (5m—2)(5m — 3)(5m — 1) which is not divisible by 5. nn-1)n+1)
is not divisible
Ifn=>5m+3, by 20 when
=5m+5—20or5m—-5+2 n=5m+ 2.

=5(m+1)—2o0or5(m—1)+2
=5P—2 or 5Q + 2, where P,Q € Z )
~n(n—1)(n + 1) is not divisible by 5 if n = 5m + 3 which is equivalent to 5m + 2. However, did
not show for

~n(n—1)(n+ 1) is divisible by 5 unlessn = 5m + 2,m € Z. n=55m+1,
5m + 3 and
Thus n(n — 1)(n + 1) is divisible by 30 unlessn = 5m + 2,m € Z. 5m + 4.
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Question 12 (Continues)

0 — 0+
(d) Itis given that sin 6 + sin @ = 2 cos < > (p) sin < > <p) (DO NOT Prove it)

) ) 0 — 0+
(i) Hence or otherwise, show that cos 6 + cos ¢ = 2 cos < ) cos < ) . 2

2 2
0 — 0+
sin@ +sing = 2cos< 2(p)sin< 2<p)

60— 0+o .
c0s(90 — 0) + cos(90 — ) =2 cos( > ) cos (90 - ) [1] (Complementary angle ratio)

2
LetA=90-86 and B=90—-¢
0=90-A4 ¢ =90-2B
6—@p=B—-A 0+ ¢ =180—-(A+B)

B—-A B+ A
From [1], cosA+cosB=2cos< > )cos( > )

0 — 0 +
cost9+cos<p=2cos< 2<p)c05< 2<p)

Alternative 1:
LHS = cos 8 + cos ¢

= sin(90 — @) + sin(90 — ¢) (complementary angle ratio)
(90-6) - (90— ¢)\ = ((90—6)+ (90 — ¢) :
= 2 cos > sin > (given)
_> —6\  (180—-60—9¢
= 2 cos ( 5 ) sin ( 5 )
0 — 0+
= 2 cos (— > (p) sin (90 — T<P)
-9 0+¢ : : :
= 2 cos ( > ) cos ( > ) (since cos 0 is even & complementary angle ratio)
= RHS

Alternative 2:
0 — 0+
RHS = 2 cos ( (p) cos ( <p)

2 2
_2<9 <p+.9.)<9 .9.<p) (suppl . le ratio)
= 2{cos7 cos +sinsin= ) ( cos—cos = — sin- sin 7 supplementary angle ratio
6 . . ,0 L9 :
=2 (cos2 Ecos2 5 + sin? Esm2 E) (difference of two squares)

1 1 1 1
=2 (E (1 +cos@) x 3 (1 +cosep) — > (1 —cos ) x > (1 —cos (p)) (double angle rule)
1
= E((l + cos 0)(1 + cos ) — (1 — cos 0) (1 — cos ¢))

1
=§(1+cos<p+cost9+c059cosgo—1+cos<p+cost9—cos€cosgo)

= 2(2cos6 + 2cos @)
= cos 0 + cos @
= LHS
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Question 12 (Continues)

. ; 6 — i
(ii) Hence, deduce that e?® + e® = 2 cos <T<P) e20+9), 1

LHS = e + e
= (cos @ + isinf) + (cos ¢ + isinp)
= (cos 6 + cos @) + i(sin 8 + sin @)

= 2cos (0 ; (p) cos (9 -Iz_ <p) + 2icos (9 _ <p) sin (9 —; (p) (from (i))

o (222) (22

End of Question 12
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Question 13 (16 marks) Use a separate Writing Booklet for Question 13.

(a) Find the point of intersection between the two lines: 3

r=>0{+2k)+ai—j+k)
s=(=2i+2j+K) +B(-3i+2j - K)

where a and f§ are any real numbers.

For the point of intersection, 7 = s.

1+ 2a —-2-3p
(O—a>=(2+2,8> 1 wmark
2+a 1-8
! +EZ : Z_i_zgﬂ [[12]] Label the equations
24a=1-p [3] to show steps.
[2]+[38], 2=3+p [1]
B=-1
From [2], —a=2+2(-1) 1 mark
a=0
Substitute « = 0 & f = —1 into [1] to verify, -
LHS = 1 + 2(0), RHS = —2 — 3(=1) WMust check the value of
=1 =1 a and B with the 3™
= LHS i
L 1 mark eduation.

1
When a = 0, r= (0)
2

= The point of intersection is (1,0, 2). -

(b) (i) Show thattan (g + 9) = —cotf. 1
. _sin (% n 9) Dove well.
tan (E + 9) = cos(g—+9)

sin%cos 0+ cos%sin 0

- T . T .
cosicose — 51n751n9
cos @

~ —sin®
= —cotfd

Alternative:
LHS = tan (E + 9)
2

T
= tan (E — (—9))

= cot(—0) (complementary angle ratio)
= RHS
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Question 13 (Continues)

(b)

2Zn+ 1)
(ii) Use mathematical induction to prove that tan (%) = (-D"vnez. 3
Step 1 Prove true forn = 1.
3
LHS = tanT, RHS = (—1)!
= —tan— =1
= an 7 =
=-1 = LHS
~ The statement is true forn = 1. 1 mark
Step 2 Assume true forn = k, wherek € Z*.
2k + 1)m
i.e.tan (¥> = (—=1)k
4
Now prove true forn = k + 1.
2k + 3)m
i.e.tan % = (=1)k*t
2k + 3)m
LHS =tan| ——
4
2k + Dm + 27T>
= tan
4
QRk+1)nm =«
e U
2k + 1) T
= —cot (%) (since tan (E + 9) = —cotf from (i)) 1 wmark

1
B tan (M) \ txplain the
= (by the assumption)

i —  keysteps.
- (-DE

= —(—1)k
_ (_(1)k)+1 1 wmark
= RHS

Step 3 By the principle of mathematical induction, the statement is true for
all integersn > 1.
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Question 13 (Continues)

0]

(c) Define forn = 0,1,, = f x" e * dx.
0
You may assume that for all real n > 0, lim x"e™ = 0.

xX—00

(i) Show that I,,,; = nl, 2

[ee]
L1 =f x"e X dx
0

u=x" vi=e™*
u =nx"1, v=—e¥
LHS = 1,4 1 mark

= [—x"e ¥ + f nx" e ¥ dx (by parts)
0

= (—oo"e™® + 0"e?) + nf x" e * dx

0 1 wark
=0+ nl, (since lim x"e ™ = O)
=nl,
= RHS
(ii) Deduce that I, ; = n! 2
LHS =1,,, -
=nl, (from (i))
= n(n - 1)111—1 | erk
=nn—-1)0n -2,
=nn—-1)(n-2)..1I4 B
L= fo x%e dx Mus+ find the value of I
= [-e7]§
=(-e™™ +e?) L 1 mark
=(0+1)
=1
Li,,=n(n—1)(n-2)..1 B
=nl!
= RHS

10



Year 12 Maths Ext.2 Trial 2024 Solution and Feedback
Question 13 (Continues)

1
I
(c) (iii) Let T,, = f (Inx)™ dx. Prove that 771,“ =(—-1" 2
0

n

1
T, =f (Inx)™ dx
0

u = (Inx)", v =1 -
I (1 )n—ll —
u' =n(lnx . v=x
1 —
T, = [x(Inx)"]} —f n(Inx)™1dx [1] (by parts) 1 mark
0
= 0 - nTn_l
= —nTn_1 -
T,=—nx—-(n-1T,_, -
=-nX—-(n—-1)x—-(n-2)T,_3
=-nX—-(n—-1)x—-m-2)x—(n-3) x..x 2T,
1
T, = [xInx]} —f 1dx from [1]

! ° ( ) WMust find the
=(0-0)—[x]§ value of T4
=—-1-0
=-1 - 1 wark

T,=—nX-(Mn—-1)Xx—-n-2)x—-(n-3)x..x-2x-1
o T, = (—1)"n!
|
3 IT}H = (—Il).”n! (since I+, = n!from (ii))
T
(=D
= (-1" -

11



Year 12 Maths Ext.2 Trial 2024 Solution and Feedback
Question 13 (Continues)
(d) A taut rope of length 1.25 m suspends a mass of 10 kg from a fixed point O. A horizontal

force of P newtons displaces the mass by 1 m horizontally so that the taut rope is then at an
angle of 6 to the vertical.

rope =1.25

i — Q

38— M—pp
< L
1 10 kg mass
Find the magnitude of the tension force in the rope in Newtons. (g = 10 m/s?) 3
g = 7
ST =125
g = 4
sinf = ¢
5
4 ~ 1 mark
0
V52 —42=3
0 =—
cos z j
Resolving the forces vertically,
T cos@ = 10g 1 mark
_ 100 -
~ cosf
_ 100
a % - 1 mark
500
= T N (OI‘ 166 — N)

End of Question 13
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Question 14 (15 marks) Use a separate Writing Booklet for Question 14.

(a)

(b)

Simplify the following expression, leaving the answer in Euler form.
(cos30 + i sin38)?(cos O — isinH)*
(cos20 —i sin20)73

Using D’Moivre theorem (cos 8 + isin 6 )™ = cosnf + i sinn# for all positive integers n.

. n .
In euler form, (elg) = eint

Therefore,
(cos 30 +i sin30)?(cos O— isin B)*
(cos 20—i sin26)73

ian2 _ipn4
6136 xe i6

= T g2i6-3 (Make sure students mention why e 0" = (cos 6 — isin 8)*

_ p-4if

Comments:

Many students lost marks for not explaining why (cos @ — isin8) = e~¢

A number of errors were noticed while simplifying surds

Very few students left the correct answer in mod-cis form, hence lost a mark

Overall, it was a poor attempt

Learning Strategies:
Students need to

e revise simplifying surds

e apply D’Moivre theorem correctly

e apply odd/even properties of a function.
e Explain how (cos@ — isinf) = e,

On the curve y = e*, P and @ are two points with x —coordiantes a and b respectively, a >
b.

i.  Prove that y = e* is concave up for all x.

Fory=e*,y' =e*and y” = e*



As e* is always positive for all values of x, y" > 0.
Therefore, the graph y = e* is concave up.

Common mistakes:
e Some students did not find second derivative.

e Few students wrote in words rather than proving mathematically.

1

ii.  Explain why > (e® + ?) > e2@*?,

a b\ 2
<e5 — eE) > 0 as e* is always positive. For a > b, e® > e? as it is concave up (part (i))

a b
Therefore, e* — 2 ezez + e? > 0

a b
Rearranging, e® + e? > 2 eze2
9

1 ab
> (e® + e?) > ezez , hence proved.

Teachers Comments:

e Students were using AM/GM property. Teachers have specifically mentioned while
teaching the topic to prove it, if you wish to apply.

e Many students messed up the working.

a+b+c+d

iii. Hence show thate® +e? + e +e? >4e” 2 ifa>b>c>d.

a b
e% + e > 2 ezez using part (ii)

c d
Similarly, e¢ + e® > 2 ezez fora > b > ¢ > d, increasing function.

Adding the two equations together,

a b c d
et +el +ef+ et >2ezez+ eze?)



1 (a+b+c+ad)

>2(2ez 2z ) using the repeated application of part (ii)

where new a = %(a + b) and new b= %(C +d)

(a+b+c+d)
therefore, e* + e? + e + e% > 4e~ + ) .Hence, proved.

Teachers Comments:

e Some students got the previous part incorrect but used the correct expression to
prove/show this part. Well done!!

e Overall okay.

(c)  Itis given that cos 68 = 32 cos® @ — 48 cos* 6 + 18 cos? 6 — 1.
i.  Find all the roots of the polynomial 32x% — 48x* + 18x2 —1 =0

Let x = cos 0, therefore cos 60 = 32x® — 48x* + 18x2 — 1. In order to solve the

polynomial, it is enough to solve for cos 66 = 0.

66 = 0, this means 66 = @ for k € Z.

0 = (2k+1m fork €Z
12
Fork=06=2 k=16== k=-1,0=—-=~
12 12 12
k=260="22 k=-20= -2 k=36=2Cwhich is same as — -Z.
12 12 12 12

. 3 5
Therefore, the roots of the polynomial are cos + %, cost 5, cos+ 1—7;

Teachers Comments:

e Some students found the roots by letting k = 1,2, .....,6

e Overall okay attempt.

5 1

.. Vs
11. Show that cos —cos— = —
12 12 4

Using the product of roots:



nx nx 37T>< 37T>< 57T>< 57'[_1
cos12 cos 17 cos12 cos 7 cos12 coS 17 = 32

As cos(—60) = cos 6 (even function),

2 51 1
COS —XCOS —XCOS —_— =
12 12 32

cosZ = 1/V2
12

2 A 1 2 51
S COS™ — X—-XCOS*—=—
12 2 12 32

1 . . . . ..
. Cos? —2 X cos? E = taking square root on both sides, considering positive value as these
51 1
angles are acute angles. We get C0S — C0S = = =
12 12 4
Method II:

e Some students used sums to products method to get to the answer.

T 57'[_1 57 m N S5t 7
COSIp X COsST = 2(C03(12 12) Cos(lz 12))

Which also provides the answer.

e Many students got the answer, but the working was messy.

e Overall okay

251‘[

iii.  Show that cos? -I- cos =1

Method 1: take the transformation y = x?,

the new polynomial will be P(y) = 32y3 —48y? + 18y —1 =0

. 2 3m 5
the roots of the new polynomial are cos? 2 cos? 2 cos2 L
12 12 12
- cos2 L 231 25m _ 48
sum of the roots: cos 12 + cos +tcos® o =55
Sm_ 48 1
= 2 2 _=z
cos? + Cos* 5 =353

. . 5
Which gives, cos? — + cos? 172r 1

Teachers Comment:



e Majority of the students did by taking products of the roots taking two at a time.

e Overall, it was a good attempt.

) . T st V6
iv.  Hence or otherwise, show that cos ’r + cos - 2

Using the perfect square method technique,

2

5 T 5w 5
(cos—”+cos£) = c0s? =+ c0os? 2= + 2 cos—= X cos =
12 12 12 12 12 12

1
= 1+2(Z)

5w T 3
Therefore, (cos — + cos —) = |5
12 12 2

As both the angles are acute, their angle sum is positive, therefore, we choose the positive

square root.
Teachers Comment:

e Few students used sums to products and got the answer
e Few students lost one mark for not mentioning the reason for choosing the positive
over the negative square root.

e Overall, it was well done.

End of Question 14



Question 15 (16 marks) Use a separate Writing Booklet for Question 15.

(@)  Using the identity [* f(x)dx = [, f(a — x)dx,

T X sinx dx
evaluate fo _—

1+ cos?x
T X sinx dx T (m—Xx) sinx dx . . . .
[ ————= (=) using the given identity
0 1+ cos®x 0 1+ cos?(nm—x)
. fnrr sinx dx T X sinx dx
0 1+ cos?x 0 1+ cos?x
T sinx dx
= [rnxdx
0 1+ cos?x
T sinx dx
2l = [T 20
0 1+ cos?x
. . dA .
Use the substitution, A = cos x,—— = —sinx atx =0,A=1and

atx =m, A = —1.

1 —dA
1+A2

Therefore, 21 = 7 | 1_

Teachers Comment: Majority of the students arrived at this step.

1 da
=7
f—l 1+A2
1 d4 1. :
=2m | as is an even function.
0 1+A42 1+A42

= 2m[tan"! A]}

= 21()



(b)

(©)

77.'2 . _7'1,'2
21—?91176’5 I_T

Teachers Comment:

e Only some students arrived at this step successfully.
e Several algebraic errors were made in this question.

If a=2i—j+3kand b = —mi+j+ 2k, where m is a real constant. Calculate the value(s)
of m so that the vector @ — b is perpendicular to b.

2——m
g—b=<—1—1>
3—-2
2+m
()
1

As g —b 1 b. Therefore, (a — b).b =0

Which gives(m+2) X —-m+1Xx-2+1x2=0

—m(m+2) =0givesm =0orm = —2.

Teachers Comment:

e Many students got the correct answers with correct working.

e However, very few calculated g — b incorrectly and as a result, got different answers
for m.

i.  Prove that v/3 is an irrational number.

Let us assume /3 is a rational number. Then /3 = g, where HCF(p,q) =1

And both p, g are integers.
2
Squaring both sides, Z_Z = 3 this gives p? = 3¢?, p? is a multiple of 3 and is an

integer this implies, p = 3k, k any integer. (3k)? = 3q?%gives, q*> = 3k?. Hence q is
also a multiple of 3. Which means HCF (p, q) = 3. This contradicts the assumption
that HCF(p,q) = 1.



Therefore, /3 is an irrational number.
Teachers Comment:

e Majority of students did well in this question.
e Few students meant that 3 is the common factor or HCF (p, q) = 3, but did not write

in the paper, as a result, lost a mark.

ii.  Consider the recurrence relation T, = 2, T, = /1 + T,,_; forn > 2.
Using the mathematical induction, prove that T, is an irrational number for all n > 2.

Forn=2,T2=w/1+T1
-3

Which is an irrational number using part (i).

Teachers Comment:

e Majority of students did well in this question.

Let the result is true forn = k. k = 2. Ty, = /1 + Ty_; is an irrational number.

To prove that the result is true forn = k + 1. That is, T,;; = /1 + T} is an irrational
number.

Let us assume that Ty, ,; = /1 + T} is a rational number.

J1+T, = g , HCF(p, q) = 1 p, q both integers.

2 2
Squaring both sides, 1 + T}, = Z—Z, this means T}, = Z—Z -1

2_,42
P —7_ | which is rational as p, q both rational. As a result, T}, is a

. pZ
Since 5 — 1 = =—;
q q

rational number which contradicts the assumption.
Therefore,



T,=1+T,, forn>2

Is an irrational number.

Teachers Comment:

e Majority of students did not do well in this question.



%) A car is initially at rest at a point A which is 1 km to the right of Woolworths in Seven Hills
Plaza. The car then starts moving in a straight line towards Woolworths.

For x # 0, the acceleration of the particle is given by — x—kz, where x is the distance (in
kilometres) from the shop and k is a positive constant.

. dx 2k(1—x
1. Prove that — = — ’Q .
dt X

. ko . . d (1
¥ = —— given. Also, ¥ = —(—vz)
x d

x \2
d (1 k
..._(_vz):__
dx \2 x2

Integrating with respect to x,

1 K . . :
5 v? = -t C where C is a constant of integration.

Att=0,x =1,v =0, gives C = —k.
k

1
Therefore, - v:i==-—k
X

v? =2k(§—1)orv2 =2k(1‘—")

X

Therefore, v = £ I@ Since the particle is moving to the left,

2k(1—x dx
thereforevz—’ ( ),asvz—
x dt
dx _ 2k(1-x)
dat X

Teachers Comment:

Well done!!
1l. Use the substitution x = cos? @, show that the time taken to reach a distance D
kilometres from Woolworths is given by
2 cos™1 VD
t= |- f cos? 0 db
ko
From part (i)

dx 2k(1-x)
dc x

Rearranging

= —+/2kdt variable separable form

dx

1-x
X




Letx=coszt9.g—z=2c059><—sin9.

Also,t =0,x=1,0 =0andatt,x = D,0 = cos™* VD.
Integrating both sides

fD dx J«Ot _mdt

1 [1x
x

fcos_1 VD cos 0 x2 cos Ox—sin 8 d6
0 V1-cos2 8

= fot —V2kdt ,sin?6 =1 — cos?6

fCOS_l\/ECOSG X2c0sOX—sinfdf __ _ /_Zkt

0 sin 6

cos_lx/ﬁ
- f 2 cos? 0 do = —V 2kt
0

Cancelling negative signs on both sides and rearranging,

2 cos_lx/ﬁ
t= —f cos’ 6 do
k 0

Teachers Comment:

Well done!!

iii. Show thatt = \/% (\/D — D2 4 cos7! \/5)

Using double angle formula, cos 26 = 2 cos?6 — 1, cos? 6 = (cos26 +1) + 2

Substitute it in the expression for time in part (ii)

_ 2 rcos~ VD .
t—\/;fo (cos20 +1)+2 d6

k

4 4

-1
2 (sin20 . 0\0S VD
(252 +3)
0



= \/%(sin 2(cos™*VD) =4 +cos™*VD +2) LetA = cos *VD thencosA =D
therefore, sinA = +1 — D, sin 20 = 2 sin 6cos6

Sub in the values in the expression for time

t=\/%(2\/1—D)><\/5+4+c05‘1 D +2)

t= \/Z(VD — D2 4+ cos™? 9)
2k

Hence proved.
Teachers Comment:

e Majority of students did well.
e Some students lost mark(s) due to not showing where the values of cos A = VD
therefore, sin4A = v1 — D,

e Overall well done!!

End of Question 15

Question 16 (13 marks) Use a separate Writing Booklet for Question 16.

(a)

The tide at a harbour can be modelled using simple harmonic motion. At the harbour, high
tide is 12 metres and low tide is at 2 metres. It takes 4 hours to go from low tide to high tide.
Initially at 2 am, it is at low tide. Let # be measured in hours since 2 am.

i.  Showthatx =7 — 5 cos (%T)

x = acos(nt + a) + x, , xo = 7 (centre of motion =(12+2)/7)

n=8, T= cud gives T = g. And amplitude (a) =5.

n

Therefore, x = 7 + 5 cos(nt), initial phase o = 0.
Att =0,x = 2, itis only possible if x = 7 — 5 cos(nt),
OR

As the wave starts from extreme and goes from low to high, therefore

x=7-5 cos(%n)



(b)

Teachers Comment:

e Some students could show the amplitude, period and the expression correctly, stating

from low tide to high tide. Well done!!

e Overall well done.

ii. A ship needs at least 5 metres of depth of water to safely enter the harbour. Find the
earliest time that the ship may enter the harbour.

5=7—5cos(;t),
COSEt = E
4 5

1

a N

Et = CcoS~
4
t=1.476

t = 1 hour and 29 minutes. Therefore at 3.29 am, the ship may enter the harbour.

Teachers Comment:

Well done!!

1.  Find the real numbers a, b and c such that
5 — 5x2 _a bx + ¢
A+200+2) 1+2x 1422
5—5x2=a(l+x2)+ (bx+c)(1+ 2x)

1
Forx = — -
2

5-—5 (—3)2 =a (1 +(- ;)2) + (b(=2) + ©)(1 + 2(—3)) which gives a = 3.

Forx =0,
5—5(0)2 = a(1+ (0)2) + (b(0) + ¢)(1 + 2(0)) which gives, a + ¢ = 5, hence ¢ = 2.



Forx =1,

5—-5(1)2=a(1+ (1)2) + (b(1) + ¢)(1 + 2(1)) which gives b = —2 — ¢, hence b = —4.

Teachers Comment:

e Well done!!
1 5-5x2 1 27
ii.  Show that dx ==(m+In (—) .
0 (1+2x)(1+x2) 2 16
Using part (i)
5 — 5x? 3 +—4x+2
1+20)(1+x2) 14+2x 1+ x2
Therefore,
1 5-5x2 _ 13 1 —4x+2
fo A+z0 1) * = o T X fo o2 &

= [3(In(1 + 2x) + 2]} — 2[In(1 + x?)]} + 2[tan" 1 x]}
=2(In3—-1In1)—2(In2—In1) + 2(tan™* 1 — tan"1 0)
= m3-2m2+%
2 4
=>(3In3-4In2)+2
_1 _ n
=-(n27—In16) + -
_1 27
- 2(ﬂ+ln16)

= RHS

Teachers Comment:

e Few students did some algebraic mistakes and lost mark(s).
e Overall, well done!!

cos2x dx

142 sin2X+cos 2x
dt
1+t2°

iii.  Hence, evaluate f 04 using the substitution t = tan x.

Atxzo,t=0andatx=§, t=1

dt
t=tanx, —= sec? x therefore, dx =
X



1—t2

2 cos2x dx _rl 1+t2 dt
0 142 si - fO 2t \, (1-t2) X 2
sin 2x+cos 2x 1+2( )+ 1+t
1+t2) " 1+t2

1 1-t2

“Jo (1+t2)(2+40)
1 f1 5-5t2
1070 (1+t2)(1420)

= % (n +In %) using part ii), hence Proved.

Teachers Comment:

e Few students did some algebraic mistakes and lost mark(s).
e Overall, well done!!

End of Question 16



